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This paper classifies the regular imbeddings of the complete graphs K,, in orien- 
table surfaces. Biggs showed that these exist if and only if n is a prime power p’, his 
examples being Cayley maps based on the finite field F= GF(n). We show that 
these are the only examples, and that there are q5(n - 1)/e isomorphism classes of 
such maps (where 4 is Euler’s function), each corresponding to a conjugacy class of 
primitive elements of F, or equivalently to an irreducible factor of the cyclotomic 
polynomial Qn- r(z) over GF(p). We show that these maps are all equivalent under 
Wilson’s map-operations Hi, and we determined for which n they are reflexible or 
self-dual. 0 1985 Academic Press, Inc. 
1. INTRODUCTION 
Suppose that a map M is formed by imbedding a simple graph Y, with n 
vertices, in an orientable surface. Any automorphism of M, which preserves 
orientation and fixes a pair of adjacent vertices, must be the identity [4, 
Lemma 5.251, so the orientation-preserving automorphism group A of d 
has order at most n(n - 1). This bound is attained if and only if there are 
n(n - 1) such pairs, permuted transitively by A, that is, if and only if $9 is a 
complete graph and M is a regular map; thus we can regard the regular 
imbeddings of complete graphs as the most symmetric orientable maps. 
In [ 11, Biggs showed that the complete graph K, has a regular 
imbedding in an orientable surface if and only if n is a prime power p’, The 
examples he gave are most easily described, as in [3,4], as Cayley maps 
M(F, P, r) based on the additive groups of the finite fields P= GF(n): the 
vertices are labelled with the elements of F, and by choosing a primitive 
element u of F (i.e., a generator for the multiplicative group F* = E\ (0)) 
one defines a “smooth rotation” r imposing the cyclic order 
?J + 1, v + u, v + u2 )...) v + Un-2 
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on the vertices adjacent to each vertex 2, E F. This defines the orientation at 
u, and gives a regular oriented map A, with graph K,,, and orientation- 
preserving automorphism group isomorphic to the group AGL( 1, F) of 
affine transformations of F. 
The aim of this note is to prove that these are the only regular orientable 
imbeddings of complete graphs. Moreover, we shall show that if u and u’ 
are primitive elements of F, then the corresponding maps & and A’ are 
isomorphic (as oriented maps) if and only if u and u’ are conjugate under 
the Galois group of F over its prime field. Thus there are, up to 
isomorphism, exactly &n - 1)/e regular orientable imbeddings of K, 
(12 = p’), where 4 is Euler’s function; these are in one-to-one correspon- 
dence with the conjugacy classes of primitive elements of F, or equivalently 
with the irreducible factors of the cyclotomic polynomial @,- 1(z) over 
Cl;(p). We shall show that, for a given value of n, all these imbeddings of 
K, are equivalent under certain map-operations described by Wilson in 
[ 121, and we shall determine the values of n for which 4 is isomorphic to 
its mirror image 2, its dual A*, or the map %*. As an example we give a 
more detailed examination of the case n = 25, where there are four maps of 
genus 126. 
The methods used are mainly group-theoretic, depending on the 
algebraic theory of orientable maps developed by Jones and Singerman in 
[S] and on the classification by Zassenhaus [ 131 of the finite sharply 2- 
transitive permutation groups. 
In the particular case where n is prime, many of the above results were 
proved in [6] by the first author; she wishes to thank the SERC of the 
U.K. for their financial support for her research. 
2. ALGEBRAIC THEORY OF MAPS 
A general algebraic theory of maps on orientable surfaces was described 
in [S] and summarized in [‘7]. The maps we shall consider here are all 
regular and compact, conditions which simplify the situation considerably, 
so we will devote this section to a brief outline of this part of the theory. 
By a map d we will mean a finite, connected graph 9 with vertex-set V, 
imbedded (without crossings) in a surface 9 which is compact, connected, 
oriented, and without boundary; the faces of A (the connected com- 
ponents of 9’\3) are homeomorphic to an open disc. 
We let Q be the set of “darts” (or “brins”) of A, that is, the set of ends 
of %\V. These can be represented as follows: wherever an edge e meets a 
vertex u of Y, we draw an arrow on 9’ directed along e towards u. Thus 
each edge e carries two darts a and /3, and we define a permutation x of 52 
by interchanging each such pair, so that x is a product of disjoint trans- 
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FIGURE 1 
positions (afl), one for each edge e. For each vertex v E “Y-, the orientation 
of 9 induces a cyclic permutation of the darts pointing towards u, and 
these form the disjoint cycles of a permutation y of Sz; thus the order k of y 
is the least common multiple of the valencies of the vertices. These per- 
mutations x and y are illustrated in Fig. 1. 
Let G be the subgroup of the symmetric group S” generated by x and y. 
Since Y is connected, G acts transitively on Sz. Let I-’ be the free product 
r = C**& 
= (X, YlX2= Yk= 1). 
Since x2 = yk = 1, there is an epimorphism 8 from the group r onto G, with 
X0 = x, YO = y. We let N = ker(O), so that 
G z l-‘/N. 
An (orientation-preserving) automorphism of M is a permutation of Sz 
commuting with x and y, or equivalently with G. These form a subgroup A 
of S”, the centraliser of G in 5’“. Since A commutes with the transitive 
group G, A must act semi-regularly (i.e., freely) on 52, that is, the stabiliser 
A, of each dart a must be the identity subgroup [ 11, Proposition 4.31. We 
assume that JV is regular, that is, that A acts transitively (and hence 
regularly) on Sz; this is equivalent to the condition that G acts semi- 
regularly (and hence regularly) on 52. 
Let us choose (arbitrarily) a dart a E Sz. Then each dart has the form ah 
for some unique h E G, and A consists of the permutations 
1,: ahwag-‘h 
582b/39/3-12 
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for g E G (thus we can think of Q as being identified with G by putting 
ah = h, so that G and A represent the actions of G on itself by right and left 
multiplication). This gives an isomorphism 
so that the composition 
is an epimorphism from r onto A, with kernel N, and 
The automorphisms 1, and A,, which generate A, can be interpreted as 
follows: A, acts by sending each dart uh to 01x- ‘h = axh, so in particular it 
transposes a and ax, and hence it represents a rotation of A about the 
midpoint of the edge carrying a. Similarly A,, sending a to ay - l, represents 
a rotation of order k about the vertex towards which a is directed (see 
Fig. 2). Now the elements of finite order in r are the conjugates of the 
powers of X and Y [ 10, IV, Theorem 1.61; since A, = X# and 1, = Y+d have 
orders 2 and k in A, it follows that N is torsion-free. The index of N in r is 
IAl = [Szl = 2E, where E is the (finite) number of edges of A. 
Conversely, each torsion-free normal subgroup N of finite index in r 
determines a regular map A@ of valency k: we take Q to be the set of cosets 
Ny (y E r), with G = r/N acting by right multiplication, and we let the 
edges, vertices and faces be the cycles of X, Y and Y-‘X respectively, with 
incidence corresponding to non-empty intersection; then A, the action of 
r/N by left multiplication on In, is transitive, so that A? is regular. 
Let Ai and AZ be k-valent regular maps, and let 52i, Gi, 6i, Ni, Ai, and 
4i (i = 1,2) have the obvious meanings as above. Then an (orientation- 
preserving) isomorphism Ai --) A& is a bijection 
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commuting with the actions & and e2 of r on sZ1 and Sz,, that is, an 
isomorphism between these two permutation representations of f. Such an 
isomorphism exists if and only if N1 = NZ, so the isomorphism classes of 
regular k-valent maps A are in one-to-one correspondence with the tor- 
sion-free normal subgroups N of finite index in r. We call N the map sub- 
group corresponding to A; in the next section, we shall determine those N 
for which A is an imbedding of a complete graph. 
3. COMPLETE GRAPHS AND AFFINE TRANSFORMATIONS 
A permutation group is sharpZy 2-transitive if it is 2-transitive and the 
stabiliser of two distinct points is trivial; in other words, the group acts 
regularly on ordered pairs of distinct points. Zassenhaus [ 13; see also 4, 
Sect. 2.8; 5, XII Sect. 93 showed that a finite group is sharply 2-transitive if 
and only if it is isomorphic (as a permutation group) to the group 
AGL( 1, F) of all affine transformations 
zHaz+b (a, bEF, a#O) 
of a near-field F. This group has a regular normal subgroup 2% (F, + ), 
consisting of the translations 
t,:zt+z+b (b E F’), 
complemented by the stabiliser of 0, consisting of the scalar transfor- 
mations 
s,: zi+az (a~F\Pl)9 
and isomorphic to the multiplicative group F* = I;\(O). 
A near-field F is a field if and only if P is abelian. For each prime power 
n we denote the finite field of order n by GF(n). 
THEOREM 3.1. Let &? be a regular orien table map of valency n - 1, and 
let N be the corresponding map subgroup of r = C2 * C, _ 1. Then M is an 
imbedding of K,, if and only if J’/Nz AGL(1, F) where F = GF(n) and n is a 
prime power. 
Proof: If T/Nz AGL( 1, F) then we have an epimorphism 0: T + G = 
AGL( 1, F), taking the generators X and Y of r to generators x and y of 
orders 2 and n - 1 in G. The number of vertices in & is then 1 G: ( y ) 1 = 
n(n - l)/(n - 1) = n; since ./# has valency n - 1, the underlying graph must 
be K,, provided that there are no loops or multiple edges. 
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If there is a loop, then for some i, xyi fixes a dart and is therefore the 
identity element in G; thus G = (x, J+ = ( JJ), which is impossible since 
IGl =n(n- l)>n- 1= I(y If there is a multiple edge, then n>2 and 
xyiql’ = 1 for some i, j & 0 mod(n - 1); hence yi+j= X-‘y-‘xy’ lies in the 
commutator subgroup T of G and therefore has order dividing n = 1 TJ. 
However, y has order n - 1, so yiti= 1. Thus yi commutes with x (and of 
course with y), so it lies in the centre of G; this is the trivial subgroup 
(since n > 2), so ir 0 mod(n - l), against our hypothesis. Thus the 
underlying graph of & is K,,. 
Conversely, suppose that .M is an imbedding of K,, , for some n 3 2. In 
the notation of Section 2 we have f/Nz A = Aut(M), so it is sufficient to 
show that A z AGL( 1, F), where F= GF(n). We can identify 52 with the set 
,e2)= ((0, W)Ev-XYIUf W) 
of ordered pairs of distinct vertices, each pair (u, w) corresponding to the 
unique dart directed along the edge from w  to U. Now A acts regularly on 
Q, and hence also on Vt2), so it acts on V as a sharply 2-transitive group. 
By Zassenhaus’s theorem, we can therefore identify this action of A on V 
with that of AGL( 1, I;) on 1” for some near-field F, with IFJ = [VI = n. The 
stabiliser A, of any vertex u is abelian (consisting of rotations about u), so 
F* is abelian and hence P is a field GF(n), where n is a prime power. 1 
From now on, we let G denote AGL( 1, F), where F= GF(n). 
The map subgroups N in Theorem 3.1 corresponds to pairs x = X8, 
y = Y8 which generate G and have orders o(x) = 2 and o( JJ) = n - 1. Two 
such pairs determine the same subgroup N (i.e., they determine isomorphic 
imbeddings of K,) if and only if there is an automorphism of G taking one 
pair to the other. Thus we have 
COROLLARY 3.2. The isomorphism classes of regular orientable imbed- 
dings of K, are in one-to-one correspondence with the orbits of Aut(G) on the 
set 
Z= {(x, ~)EGxGIG= (x, y), o(x)=2ando(y)=n-1). 
We shall determine these orbits in the next section. 
4. GENERATING PAIRS 
Let P be the set of primitive elements of F, that is, generators of the 
cyclic group F*, so that IPI = #(n - 1). Each element of G can be written 
uniquely in the form g = s, tb: zC--,az+b (aEE*, bEF); we define p: 
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G + P to be the homomorphism gl a. Then x E G has order 2 if and only 
if p(x) = - 1 (with x # 1 if n is even), that is, 
x: ZH -z+c 
(with c # 0 if n is even); similarly y E G has order n - 1 if and only if 
p(y) E P (with y = 1 if n = 2), that is, 
y:zwaz+b with aEP 
(and with b = 0 if n = 2). 
For each a E P, let d, be the set of all such pairs (x, y), and let d = 
UacPda. Then Z= ((x, y)~dlG= (x, y)}. We let C,=Znd,, for each 
aE P, so that Z= UaePCa. 
We define 
X0 =s-& ZH -z+ 1; 
clearly (x0, s,) E d,. Finally, we define m = 0 or 4(n - 1) as n is even or odd, 
so that am = -1 for all aEP. 
LEMMA 4.1. Let a E P. Then a pair (x, y ) E A, lies in E, if and only if 
xg=xo andyg= s, for some g E G. 
Proof. The result is trivial for n = 2: we have a = 1, and A = Z = A 1 = 
ZI = {(x0, sl)}. Hence we may assume that n > 2, so that G has trivial cen- 
tre. 
We have (x0, s,) E A,. Now (x0, s,) contains all non-trivial translations 
f,i=S~-i x0$; thus it contains T and (s,), which together generate G, so 
(x0, s,) E Z’:,. Both Z and A, are invariant under the action g: (x, y) H 
(xg, yg) of G (the latter since I = p(y)), so Z, is also invariant and is 
therefore a union of orbits of G. Each pair (x, y) E C, generates a centreless 
group G, and hence commutes with only the identity element g e G; thus G 
acts semi-regularly on C,, with lZ,l/lGl orbits. Now C,c A,, so IC,l < 
1 A,! d n* < 2lGI, so Z:, is a single orbit, consisting of the conjugates of 
(x0, SC& I 
Thus each orbit of Aut(G) on 2 contains at least one pair (x0, s,) with 
a E P, so to determine the orbits it is sufficient to determine when such 
pairs are equivalent under Aut( G). 
Let Gal(F) denote the Galois group of F (over its prime field F. = 
GF(p)); then each 0 E Gal(F) induces an automorphism 0 of G, sending 
each element s, tb to SJJ the. Clearly B fixes x0 = s _ 1 t 1. 
LEMMA 4.2. Let a, a’ E P. Then (x0, s,) and (x0, s,#) are equivalent under 
Aut(G) if and only if a and a’ are conjugate under Gal(F). 
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ProoJ If a’ = ae for some 0~ Gal(F), then 0 sends (x0, s,) to (x0, s,). 
Conversely, suppose that c1 E Aut(G) fixes x0 and sends s, to s,!. Since 
a,a’EP we have a’= ai for some i coprime to n - 1. The function 0: F + F, 
zt+ z’, restricts to an automorphism of the multiplicative group F*, taking 
a to a’; we shall show that 0 is also an automorphism of the additive group 
of F, and hence an element of Gal(F), as required. 
We must show that (z, + ,Q)~ = 27 + .z$ for all zl, z2 E F. Since 0’ = 0, we 
can assume that zl, z2 #O. If zi + z2 = 0 then (z, + z2)e =0 and ~7 +~!j = 
z: + ( -zl)j = zi( 1 + (- l)j) = 0 (since if i is even then so is n); hence we can 
assume that z1 + z2 # 0. 
For any integers j, k, I, consider the word 
pfqg, h) = hm-ighi-k+mghk--Igh(+m; 
by direct substitution, we see that W(xo, s,) is the translation tb, where b = 
ai+ak- a’. Since s,< = (s,)‘, ‘f 1 we replace h by hi and use the fact that 
im = m mod(n - 1 ), then we see that W(x,, s,~) = t,! where b’ = 
,ij + aik _ ails 
Since zy, z2, z1 + z2 #O, we have z1 = aj, z2 =ak, and z1 +z, = a’ for 
suitable integers j, k, and 2; in the above notation this gives b = 0, so that 
W(xo, s,) = 1 in G and hence (applying a) we have W(xo, s,~) = 1. Thus 
b’ = 0, so au + aik = a”, that is, zy + z! = (z, + z~)~. 1 
COROLLARY 4.3. Two pairs (x, y ), (x’, y’) E C are equivalent under 
Aut(G) if and only if p( y) and p( y’) are conjugate under Gal(F). 
Remarks. (1) These arguments in fact show that every automorphism 
of G is the composition of an inner automorphism and a ‘Yield 
automorphism” 6; in other words, Aut(G) can be identified with the group 
ATL( 1, F) of transformations zt+ aze + b (a E P, b E F, 8 E Gal(F)), acting 
by conjugation on its normal subgroup G. 
(2) If n = p” (p prime) then Gal(F) is cyclic of order e, being 
generated by the Frobenius automorphism ZI+Z~; thus Gal(F) has 
Q(n - 1)/e orbits of size e on P, so Corollaries 3.2 and 4.3 give 
THEOREM A. For each prime power n = p’, there are &n - 1)/e 
isomorphism classes of regular orientable imbeddings of K,,. 
5. DESCRIPTION OF THE MAPS 
According to Section 2, the regular orientable imbeddings of K,, must be 
given by the following construction. We take Sz = G = AGL( 1, F), acting on 
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itself by right multiplication, where F= GF(n), and we choose a pair 
(x, y) E Z (where Z is as described in Sect. 4). Then the vertex set V is the 
set of cosets g(y) of (y) in G, the edges are the cosets g(x), and the 
faces are the cosets g( y-lx), with incidence given by non-empty intersec- 
tion. The orientation around each vertex g( y ) induces the cyclic per- 
mutation g, gy, gy2 ,..., gy” - 2 of the darts gy’, and around each face we have 
the cyclic permutation g, gy-lx, g(y-‘x)2,... (see Fig. 1, in Sect. 2). This 
gives a map, which we shall denote by A(x, y), and we have A(x, y)z 
A(x’, y’) if and only if p(y) and p( y’) are conjugate under Gal(F). Each 
isomorphism class contains a map A(x, y) with x = x0 and y = s, for some 
a E P; if we denote this map by A(a), then we have 
THEOREM B. The regular orientable imbeddings of K,, (n >/ 2) are 
isomorphic to the maps A(a), where a is a primitive element of GF(n). We 
have A(a)r A(a’) if and only if a and a’ are conjugate under Gal(F). 
The primitive elements of F are the roots of the cyclotomic polynomial 
Qn- &) of the primitive (n - 1)th roots of unity (regarded as a polynomial 
over F, = GF(p)); two such roots are conjugate if and only if they are roots 
of the same irreducible factor, so the regular orientable imbeddings of K,, 
are in one-to-one correspondence with the irreducible factors of @n _ 1 over 
FO- 
We can give an alternative description of A(a) as one of the Cayley 
maps introduced by Biggs in [ 3) (see also [4, Chap. 5 3). Let g E G be 
given by 
g=s&zHbz+c, 
where b, c E F, and b # 0. Then the coset g( y ), consisting of the elements 
gy’: z++a’(bz + c), 
contains a unique translation tclb (with a’ = b - ’ ), so we label the vertex 
g( y ) with the element v = c/b E F; this gives a bijection between V and F. 
Now the darts 
gx:zt-+-bz+(l-c) 
and 
gyx:zH-abz+(l-ac) 
are directed towards vertices labelled (1 - c)/( -b) = v - b- ’ and (1 - ac)/ 
(-ab)=v-a-lb-l; thus the vertices adjacent to v are labelled with the 
elements of E\ { v} = v + P in the cyclic order 
v+ 1, v+a-‘, v-taV2 ,..., v+a-n+2 
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corresponding 
have 
to the orientation around V. Putting a - ’ = 24, we therefore 
THEOREM B’. The regular orientable imbeddings of K,, (n >, 2) are 
isomorphic to the Cayley maps A(F, P, r) where F= GF(n) as an additive 
group, the generating set for F is P = q (0 >, and r is the cyclic permutation 
s,: ZH uz of P for some primitive element u of F; two such maps are 
isomorphic if and only if the corresponding primitive elements are conjugate 
under Gal(F). 
Remark. It is, in fact, possible to give a rather shorter proof of this 
result using Cayley maps rather than the more general theory outlined in 
Section 2. It follows easily from Propositions 5 and 6 of [3] that the 
regular (Biggs uses the term “symmetrical”) orientable imbeddings of K,, 
are, up to isomorphism, the Cayley maps .M(F, F*, r), where F, E* are as 
above and r is a cyclic permutation of F* induced by an automorphism of 
the additive group of F. One can show that two such maps are isomorphic 
if and only if the corresponding automorphisms are conjugate in 
Aut(F, + ) = GL(e, p), that is, if and only if they have the same minimal 
polynomial when regarded as linear transformations over FO. Since r has 
order n - 1, the possible minimal polynomials are the q5(n - 1 )/e irreducible 
factors of the cyclotomic polynomial sib, _ 1 over F,, each factor having as 
roots the e elements of a conjugacy class of primitive elements u of F; we 
can therefore put r = s,, giving Theorem B’. We have chosen a less direct 
method of proof since it is more likely to apply to other graphs (whose 
regular imbeddings need not be Cayley maps) and since it seems more 
suitable for considering dual maps, as in the next section. 
The various regular orientable imbeddings M = A(a) and A’ = &(a’) 
of K,, are related to each other as follows. Since a, a’ E P, we have a’ = ai for 
some i coprime to n - 1, so A’ is obtained from & by using y’ = (s,)’ 
instead of y = s, to describe the rotation of edges around each vertex; in 
other words, M’ is the map Hi(&) obtained by applying Wilson’s operator 
Hi to A. These operators were first described topologically in [ 12 3, and 
were interpreted algebraically in [9] as being induced by the outer 
automorphisms Yw Yi of r. 
In A, each face has the same number of sides, namely the order of y-lx 
in G; this number is n - 1 unless n z 3 mad(4), in which case it is i(n - l), 
so the number of faces of A is n or 2n, from which it follows that M has 
genus (n- l)(n-4)/4 or (n2- 7n + 4)/4, respectively. The length of each 
Petrie path in A is twice the order of the commutator c = X-‘y-‘xy in G, 
that is, 2p. Similarly, the lengths of the jth order Petrie paths [12], twice 
the order of x- ‘y -‘xyj, depend only on n, and not A. Thus, for a given n, 
the various maps & cannot be distinguished by the more obvious 
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topological features such as faces, genus or Petrie paths; similarly, there are 
no obvious algebraic distinctions, since they all have the same 
automorphism group, and we shall see in the next section that properties 
such as reflexibility and duality depend only on n, and not on the choice of 
aEP. 
7. REFLEXIBILITY AND DUALITY 
The mirror-image 2 = H _ i(d) of a map J% is given by reversing the 
cyclic order of the edges at each vertex, that is, replacing the generating 
pair (x, y) of G by (x, y-i). In our case, if (x, y@C then (x, y-‘) EC, 
with ~(y-‘)=p(y)-‘, so we see that A!(a)rA(a) if and only if a-’ is 
some conjugate a*’ of a, for i = 0, l,..., e - 1. This is equivalent to the con- 
dition that a*’ + ’ = 1, that is, that p’ - 1 (the order of a) divides pi + 1 for 
such a value of i. This happens if and only if p’ < 4, so the reflexible imbed- 
dings of K, (regular imbeddings A z 2) are those for n = 2,3, or 4. (See 
[6 J for an alternative proof, which also determines the non-orientable 
relexible imbeddings of K, . ) 
As shown in Section 3 of [S], the dual A* of a map JY is given by 
replacing the generating pair (x, y) of G by (x, y-lx). If we put M = A(a) 
then y-lx is the transformation z H l- a- ‘2; this has order n - 1 if and 
only if -a-’ E P, that is, if and only if n = 0 or 1 mad(4), so it is for these 
values of n that A* is an imbedding of K,,. Then JY will be self-dual 
(&=A*) if and only if a is conjugate to -a-‘; if n is even then 
-a-‘=a-‘, so by the preceding argument this condition is satisfied if and 
only if n = 4; if n is odd then -a-’ = a(” - 3)/2, and a similar argument gives 
the values n = 5 and n = 9. Thus the self-dual imbeddings are those for n = 
4, 5, and 9. (Biggs [2] has a broader definition of self-duality, that & and 
J%?* have isomorphic graphs; here, this happens for n E 0 or 1 mod(4) 
[2, Theorem Cl.) 
For any orientable map A, the maps @)* and (A*) are isomorphic, 
corresponding to the conjugate generating pairs (x, yx) and (x, xy); we will 
denote both by s*. The above argument shows that if JY = A(a), then 
M * (and hence 2*) will be an imbedding of K,, if and only if n = 0 or 1 
mod(4). If n is even we have I = a = p(y), so that & rs* for all n = 0 
mod(4); however, if n is odd then p( yx) = -a = a@+ ‘)j2, and this is easily 
seen not to be conjugate to a, so JY and s* are non-isomorphic. 
To summarise, we have proved 
THEOREM C. Let A be a regular orientable imbedding of K,, where 
n> 2. Then 
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(i) JZ is reflexible if and only if n = 2, 3, or 4; 
(ii) M is self-dual if and only if n = 4, 5, or 9; 
(iii) M E s* if and only if n is divisible by 4. 
Notice that the only map satisfying all these conditions is the imbedding 
of K4 afforded by a tetrahedron. 
8. AN EXAMPLE 
Let n = 25 = 5’, so that there are, up to isomorphism, 4(24)/2 = 4 regular 
orientable imbeddings of K,,. By Theorem C, if A is any one of these, then 
the other three are 2, A* and a*. Since these maps have genus (n - 1) 
(n - 4)/4 = 126, we will not illustrate them completely; nevertheless, we can 
pick out certain local properties which show, as proved in Theorem C, that 
they are mutually non-isomorphic. 
The cyclotomic polynomial 
@*4(z) = z* - z4 + 1 
is, like all cyclotomic polynomials, irreducible over Z, but over FO = GF(5) 
it factorises as 
@*4(z) = (z2 + z + 2)(z2 -z + 2)(z2 + 22 - 2)(z2 - 22 - 2). 
Each of these four quadratic factors is irreducible over FO, and its roots a 
and a6 = a5 are a pair of conjugate primitive elements of F= GF(52), where 
8 is the generator of Gal(F) z C2; all eight primitive elements arise in this 
way. 
Let us choose a E P to have minimal polynomial q(z) = z2 + z + 2. If 
A = A(a), then s*, A?*, and &@ correspond to the primitive elements 
-a, -a-‘, and a-l (or their conjugates), and these have minimal 
polynomials z2 - z + 2, z2 + 22 - 2, and z2 - 22 - 2, respectively. Thus the 
four regular orientable imbeddings correspond to the four irreducible fac- 
tors Of @24 over FO. 
The translation subgroup T of G is a 2-dimensional vector space over FO, 
on which y = s,acts by conjugation as a linear transformation A: t,t+ tab 
with minimal polynomial q(z). Thus q(A) = A2 + A + 2 annihilates T, and 
in particular annihilates the element t, = yl*x of T, so that the word 
w(x, y) = ti” * q - t: 
= yloxy-llxy-llxyl*x 
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represents the identity element of G. This means that each dart a E 0 of A 
coincides with the dart 
shown in Fig. 3 (where an integer i in an angle means that the ith suc- 
cessive edge has been chosen, so that the angle subtends i faces). In other 
words, the itinerary “take the 10th edge on the right, the 11th on the left, 
the 11 th on the left, and finally go straight ahead” represents a closed path 
in A, where we interpret “right” and “left” as meaning with or against the 
orientation of A. 
If A’= ,&(a’) is one of the other three regular orientable imbeddings of 
K 259 then y’ = s,’ has a quadratic factor q’(z) #q(z) as its minimal 
polynomial on T, so the word 
w(x, y’) = (y’)‘“x(y’)-“x(y’)-“x(y’)12x 
is not the identity in G, and hence the above itinerary is not a closed path 
in A’. 
For example, take A’ = A* = A%!( -a- ’ ), so that y’ = s,! induces the 
linear transformation A’ = -A - ’ on T. Then 
=2A+1 
(using the fact that A2 + A + 2 = 0), so that 
4x9 v’) = t2a+ 1+ 1 
in G. In terms of Cayley maps, the itinerary described above represents a 
“translation” of A*, taking darts a at vertices labelled u E F to darts /.I = 
aw(x, Y’) = at2a + 1 at vertices labelled u + 2a + 1 # u. Thus A4 is not self- 
dual, and similar arguments show that no two of these four maps are 
isomorphic. 
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9. DISTINGUISHING NON-ISOMORPHIC IMBEDDINGS 
Given two regular orientable imbeddings of K, (drawn on surfaces in R3, 
or on polygons in R2 with sides identified, for instance), it could be quite 
difficult to use the method of Section 8 to determine whether or not they 
are isomorphic; the following algorithm is simple and effective: 
Let v, v’, and v” be distinct vertices of M(a) such that the edges vv’ and 
vv” subtend i faces at v, that is, 
VI’ = v + a’(v’ - v) 
where we label vertices with elements of F as in Section 5. Then let t&i) be 
the number of faces subtended by v’v” and v’v at v’ (see Fig. 4), so that 
V = v’ + (p)(v” - 0’). 
By regularity, +(i) depends only on i, so each imbedding determines a 
function @ = & from ( 1, 2 ,..., n - 2 > to itself; eliminating the vertices from 
the above two equations, we see that 
atiG) = (1 _ a’) - 1. 
This equation is invariant under Gal(F), so conjugate elements CI, a’ of P 
determine the same function $. Conversely, if we use am = -1 then this 
equation gives 
a’+aj=a i-$(j-i+m) , 
so that $ determines the additive structure of F and hence determines a up 
to conjugacy under Gal(F). Thus two imbeddings of K, are isomorphic if 
and only if they give rise to the same function $. Using Fig. 4, t,9 can be 
read off by inspection of any given map, so this gives a simple test for 
isomorphisms. 
FIGURE 4 
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For example, let n = 25 and let a (corresponding to AV = A(a)) have 
minimal polynomial z2 + z + 2 as in Section 8. Then 
1 -a-aa-2=a-2(a2-a3- 1) 
=aA2(2a2-#-2a- 1) 
=2am2(a2+a+2) 
= 0, 
so that II/( 1) = 2. Similar calculations show that the primitive elements 
-1 -l, and -a (corresponding to A *, 2, and s*) give the values 
i(4) i &I, 9, and 19, respectively, so the four functions $ are all different 
and hence the maps are mutually non-isomorphic, 
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